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EXPERIMENTAL ERROR AND DEDUCIBILITY* 
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Pembroke College, Cambridge University 

The view is advocated that to preserve a deductivist account of science against recent 
criticism, it is necessary to incorporate experimental error, or imprecision, in the 
deductive structure. The sources of imprecision in empirical variables are analyzed, 
and the notion of conceptual imprecision introduced and illustrated. This is then used 
to clarify the notion of the acceptable range of a functional law. It is further shown 
that imprecision may be ascribed to parameters in laws and theories without rendering 
the deductive structure untestable. It is claimed that this analysis explicates the relation 
between laws and theories in a way that invalidates certain arguments against its 
deductive nature. 

1. Introduction. Recent attacks on deducibility as a criterion of scientific explanation 
have gathered support from an inadequate deductivist account of experimental error. 
Feyerabend's attack 'is based upon the fact that one and the same set of observational 
data is compatible with very different and mutually inconsistent theories. This is possible ... 
because the truth of an observation statement can always be asserted within a certain 
margin of error only' ([7], p. 48) (Feyerabend's italics). His examples, and a later 
article, ([8], p. 10) make it clear that he is not making the elementary logical point that 
any statement, L, can be deductively explained by each of two other statements, 
T1,1T2, which are incompatible, i.e. that T1 D L * T2 DL T1 D - T2 is not a contra- 
diction (being satisfied for instance by 

T1=dfL -L1 and T2 dfL*L,). 
Sellars, in similar vein, is led to observe 'that theories about observable things do not 
explain empirical laws, they explain why observable things obey, to the extent that they do, 
these empirical laws' ([20], p. 71) (Sellars' italics). This is because the exact mathe- 
matical form of a law is commonly not deducible from the theory which purports to 
explain it. What is deducible is a 'law, T", which, while being experimentally 
indistinguishable from T' ... is yet inconsistent with T" ([7], p. 47). Thus Galilei's 
law requires a constant vertical acceleration in a freely falling body, while Newton's 
theory of gravitation requires the acceleration to increase as the body approaches the 
earth ([7], p. 47). Yet again, Feyerabend refers to the existence of 'mutually incom- 
patible but factually adequate theories' ([7], p. 50). 
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106 D. H. MELLOR 

I wish to suggest that these views rest on a misleading interpretation of what I shall 
call 'functional laws', i.e. laws in the form of mathematical functional relations between 
variables, operationally defined, which can assume any value in some continuous 
range (e.g. length, pressure, temperature, concentration, hardness, time). In particular, 
such laws are taken to assert a relation between precise values of the variables involved, 
and the mysteries of their connection with the inevitably imprecise data which support 
them are dismissed as trivial or relegated to a footnote. 'Once (errors of measurement 
and other forms of experimental error) ... have been discounted, our attention can 
turn to the logico-mathematical structure' ([20], p. 73). For the simple case of a 
relation between two variables, a functional law is taken to be completely representable 
by a line on such a diagram as Figure 1. 
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FIGURE 1 

On this interpretation, it is indeed obvious that two such laws, T1 and T2, need 
stand in no deductive relation either to each other or to the scattered data points with 
which they can only be statistically associated. But 'explaining why observable things 
obey, to the extent that they do, these empirical laws' involves explaining why the data 
points are scattered so far (and no further) about the lines, which this interpretation 
is inadequate to do. To 'discount' experimental error and separate it from the (e.g. 
statistical) content of a functional law is a very arbitrary, if not impossible, operation. 
Consider the following example. 
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EXPERIMENTAL ERROR AND DEDUCIBILITY 107 

A piece of radium is left to disintegrate. A functional law relates its mass to its 
initial mass and the time of decay. Readings of these quantities are scattered about the 
law-line in the usual discountably erroneous way. But the discount increases steadily 
in relative importance, until at some point the whole precise-functional-deterministic- 
law-plus-error scheme is suddenly exchanged for a statistical description from which 
experimental error as a separable concept has disappeared. This arbitrary change in 
the description of an obviously continuous process is so unrealistic as to suggest that 
a more adequate account of the functional law would connect experimental error, or 
imprecision (which term I prefer to 'error' as not suggesting some precise 'truth'), more 
closely with the variables involved. 

I shall further suggest that a more adequate account of functional laws, incorporating 
imprecision in some way, is necessary to the defense of a deductivist treatment of 
science. The defenders of deductivism have left themselves open to attack because 
they have also interpreted functional laws as relating precise values of variables. 
Hempel, for example, has a dismissive footnote ([9], p. 101) for Duhem's earlier 
attacks, in which he admits that 'the explanation of a general law by means of a theory 
will usually show (that) ... the law holds only in close approximation, but not strictly', 
citing Duhem's example ([6], p. 193) of the inconsistency of Kepler's laws and 
Newton's theory, but seems not to find this a difficulty for the deductivist account of 
science. Personally, I find approximate 'but not strict' deduction a difficult notion. 
Deducibility does not come by degrees; either one statement follows from another 
or it does not. Popper takes the same examples to illustrate a 'sufficient condition for 
depth' in a theory that 'it corrects (laws) while explaining them', and hence avoids 
'circularity' by 'deducing something better in their place' [18]. Unfortunately, the 
sense in which the 'something' is 'better' or more 'correct' is not made clear. Nor is 
Brodbeck's defense convincing: 'There is no deduction ... of a single, exact value. 
There is instead a strict deduction, by the probability calculus, of a so-called "chance" 
variable, that is, a frequency distribution, which is quite another thing' ([4], p. 244). 
This simply transforms the problem into that of going from a finite number of data 
points to a frequency distribution and then back again-neither step being deductive in 
the sense required. 

In short, on the orthodox interpretation of functional laws, I think the arguments of 
Feyerabend et al., must be conceded. In the rest of this paper, I shall try to show how 
an alternative interpretation, incorporating experimental imprecision, can be set up 
within a testable, deductive scientific structure. It is well recognized that applying an 
operational definition to measuring a variable gives only approximate information about 
its value ([6], Pt.2, Ch.3; [3], Ch.2). It seems an obvious step to build this approxima- 
tion, or imprecision, into the variable, i.e to deny that it has a precise value (if only we 
could measure it) and hence to deny that laws relate such precise values. If this can be 
done, Feyerabend's arguments collapse, since a) mathematical inconsistency is not 
sufficient to distinguish laws that are not 'precise', and b) it need not be conceded 
that 'precise' laws can in some mysterious non-deductive way be 'factually adequate' 
to explain imprecise data. What would then be deducible from a functional law would 
be, not any precise position of data points, but that such imprecise readings will lie in 
some (precisely) demarcated region, as in Figure 2. This region I shall call the 'accept- 
able range' of the law. 

The desirability of this suggestion cannot usefully be discussed until it is shown 
to be feasible. In Section 2, I consider kinds of imprecision in operationally defined 
variables, and especially conceptual imprecision. Section 3 relates such imprecision to the 
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108 D. H. MELLOR 

acceptable range of a law in a way shown to be consistent with scientific practice. 
Section 4 considers the possibility of imprecision in empirical parameters. Section 5 
discusses theoretical parameters, and the consequences of demanding refutability in a 
deductive structure. I shall not be concerned to defend deductivism as such, nor shall 
I deal with the associated question of 'meaning invariance' ([7], p. 33). These are 
matters for another paper. 

y~~~~~~~~~~~~~~~ 
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FIGURE 2 

2. Imprecision. It is necessary to establish a terminology. Any continuous range 
of values which a variable may assume is an interval. A value is, more precisely, a point 
contained in such an interval. The measure of a set of values defining an interval is its 
length. Applying the operational definition of a variable constitutes a measurement of it. 
The result of a measurement, which is an interval of values, is a reading of the variable. 
A measured value of a variable is any value contained in a reading. Imprecision, i(x), 
in a variable, x, is to be taken according to context either as an interval containing 
values which are not empirically distinguishable or as the length of such an interval. 

Experimental imprecision exists in every variable regardless of the particular law, 
in which it is a term, being used or tested. The first limit to precision is set by the 
operational definition and some requirement of reproducibility in the readings. If the 
latter are asserted too precisely, they will not be agreed by different observers, or they 
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EXPERIMENTAL ERROR AND DEDUCIBILITY 109 

will not be consistently maintained over the period of observation. This is operational 
imprecision, and its causes are in varying degrees incidental to, or inherent in, the 
operational definition. At one extreme, it may arise from poor eyesight on the part of an 
observer; at the other, from the wave nature of light. Such distinctions, though impor- 
tant, are often arbitrary, as there is no general agreement on the detail to which an 
operational definition should be given. Fortunately, they are not directly relevant to 
the ensuing argument, and it will be sufficient to lump all such effects together as 
operational imprecision. 

A more relevant distinction is that between operational and conceptual imprecision. 
The latter arises not from any one operational definition but from the fact that any 
empirical term must have at least two such possible definitions. It is worth a digression 
to establish this important point. 

For a term, whether a variable (length, temperature ...) or such another term as those 
denoting substances (water, iron ...) to convey information it must be used in a law 
not entailed by its own operational definition. Defining temperature by a gas thermo- 
meter says nothing about the world until the defined term is related to others in a 
logically distinct way, e.g. by finding the law of thermal expansion of mercury in glass. 
But then this law in turn can be made to provide an alternative operational definition 
of temperature. So any law into which such a term enters can be used to provide at 
least part of an operational definition of it. A chemical substance can be identified in 
analysis by any suitable set of its properties-melting point, solubility, chemical 
reactions, color, hardness, etc. Similarly, length can be measured from the period 
of a pendulum, the flow of a viscous fluid, the extension of a rod on heating or under 
stress, by sundry optical and mechanical means-in short, by invoking any applicable 
law-like relation in which length is a term. 

Clearly, a law-like relation used as part of an operational definition is not, while 
being so used, refutable by the outcome of the experiment. Since the term 'law' is 
commonly taken to imply refutability, I shall use 'relation' where it is not clear whether 
the statement is involved in an operational definition or not. A law is a relation that 
is not so involved, and a defining relation, one that is. A set of relations, containing one 
or more members, which is sufficient to provide a complete operational definition of a 
term, is a defining set. 

It follows from the above that an operationally defined term, A, must enter into at 
least two logically distinct relations, neither of which is necessarily a defining relation 
of any other term. In fact, A will normally enter into a number of such relations, 

2L , and many subsets of this set of relations may serve as defining sets for A 
in different contexts. Various reasons of theory and convenience lead to different 
choices of defining sets on different occasions and over different ranges of the variable. 
The thermocouple and pyrometer become the standards of high temperature measure- 
ment, as the micrometer and interferometer replace the metre rule for short lengths. 

Nevertheless, through all these shifts of operational definition, the continued use of a 
single term, A, presupposes all the accepted relations into which it enters, whether 
they are defining relations on any particular occasion or not. Thus identifying a 
chemical substance permits an immediate inference to every established physical and 
chemical property of it, not just those which happened to be involved in that particular 
identification. Similarly, however any length is in fact measured, it is invariably 
implied by the use of the term that invoking any other relation which could be applied 
to that length would give a consistent reading. 

As operational imprecision is decreased by refined methods of measurement, 
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readings given by different defining sets may fail to correlate. It is this failure which 
generates conceptual imprecision, since to assert the value of the variable any more 
precisely is to falsify one or more accepted law into which it enters. Conceptual 
imprecision is thus a measure of the discrepancy between readings given by two or 
more defining sets. It has been established that any useful empirical term must have at 
least two possible defining sets. Consequently, conceptual imprecision may be revealed 
in any variable by sufficiently precise measurement. 

Conceptual and operational imprecision are quite independent, and either may be 
the dominant source of imprecision in a variable. Some examples may serve to illustrate 
and clarify these notions: 

a) The height of the atmosphere is conceptually imprecise. Its operational definition 
could be given much greater precision as the height to some arbitrary density level. 
But then fluctuations in e.g. temperature would lead to a failure of this to correlate 
with height defined by pressure at sea level, so that inferences drawn from one to the 
other with such precision would not be valid. 

b) Suppose a chemical reaction in a continuous flow stirred tank to be exothermic 
and temperature sensitive in its rate. The temperature is measured by a thermometer 
which can be consistently read to 0.10. This is operational imprecision. The temper- 
ature rises 10 from the side to the center of the tank. This is conceptual imprecision 
in 'the temperature of the tank', since if it is given more precisely, either accepted laws 
of heat loss from the side of the tank or of reaction rates in the center (where the 
temperature is higher and the bulk of the reaction takes place) are falsified. 

c) There are various ways of measuring size distributions of collections of small 
particles-with a microscope, by wet or dry sieving, by settling in still or moving air 
or liquid, using various centrifugal devices. Each method is operationally precise to a 
few percent, but they correlate to only 10-20%. Thus only a 'settling size' or 'wet- 
sieve size' distribution can be asserted with any precision. Values of the single term 
'particle size', applying to all these contexts, can be given to a precision not better than 
10%. 

I cannot think of one common variable in the physical sciences which sufficiently 
accurate measurement would not reveal as conceptually imprecise. The dimensions 
and mass of the most rigid, inert, and involatile solid are conceptually imprecise on an 
atomic scale; so are pressure and temperature even in the most isolated and stable 
equilibrium situation imaginable. For the rest of this paper, I shall assume that all 
empirical variables are, as a matter of fact, conceptually imprecise. 

While philosophers of science have long recognized the 'approximate character of 
empirical knowledge' ([3], p. 33), they have always explained it in terms of operational 
imprecision. Thus Bridgman refers to a 'penumbra of uncertainty ... to be penetrated 
by improving the accuracy of measurement' ([3], p. 33). Nagel notes, for example, 
'the tacit assumption underlying the use of ... diverse procedures (for measuring electric 
current) ... that they yield concordant results' ([16], p. 84), and how one 'theoretical 
notion is made to correspond to two or more experimental ideas' ([16], p. 99). But he 
does not consider these sources of conceptual imprecision in discussing the 'haziness' 
and 'lack of sharp contours' of experimental ideas, as when 'what is experimentally 
identified as a spectral line corresponds, not to a unique wavelength, but to a vaguely 
bounded range of wavelengths' ([16], p. 100). Some of the examples in which Duhem 
contrasts precise 'theoretical facts' with imprecise 'practical facts' ([6], p. 134) suggest 
conceptual rather than operational imprecision: 'the body is no longer a geometrical 
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solid; it is a concrete block. However sharp its edges none is a geometrical intersection 
of two surfaces; instead, these edges are more or less rounded and dented spines' 
([6], p. 134). But he refers explicitly only to operational imprecision: 'the degree of 
approximation ... increases (sic) gradually as instruments are perfected' ([6], p. 172). 

Conceptual imprecision is more akin to Quine's 'vagueness' ([19], Ch. 4). Consider 
one of his examples, of how a river is distinguished from its tributaries. A precise 
definition of 'tributary' could easily be given were it not that one wishes to draw 
several logically distinct inferences: that the tributary is shorter than the river, that it 
has a smaller volume flow, etc. But as the two properties (of being shorter, of having 
the smaller flow) do not always correlate, the term 'tributary' cannot always be applied 
without falsifying one or other accepted relation. Since 'tributary' is not a variable 
term, this vagueness of application cannot be removed by ascribing a definable im- 
precision to its value, as can be done with length, temperature or (to take another of 
Quine's examples) the size of cities. 

All that can be done with a non-variable term is to recognize that it is, in Kdrner's 
phrase, an 'inexact concept' for which there are 'neutral candidates' ([12], Ch. 7; 
[13], Ch. 8; [14]). The term is made 'exact' by an arbitrary assignment of neutral 
candidates as 'positive or negative instances'. Kdrner denies the possibility of a deduc- 
tive relation between the exact concepts of mathematics and the inexact concepts of 
experience, and insists that there must first be a non-deductive idealization of the 
empirical concept. Clearly 'imprecision', as I have defined it, is an exact concept, 
since there are no neutral candidates: either a value of a variable is contained in an 
interval of imprecision or it is not. It could be retorted that it is as arbitrary to set 
mathematically precise limits to these intervals as to ascribe unique values to the 
variable itself, that these limits in turn can only be located within some imprecise 
interval, and that no finite number of such refinements to the deductive structure will 
capture the 'inexactness' or 'vagueness' of the empirical term. I do not think this is so: 
a precisely bounded interval of imprecision seems to me sufficient to characterize 
empirical variables. Apparent exceptions, doubtful cases or neutral candidates can be 
accounted for on the normal law interpretation introduced in the next section. In short, 
I think that for an important class of terms in science, namely operationally defined 
continuous variables, the inexactness of experience can be captured within a deductive 
structure by the exact concepts of operational and conceptual imprecision. If this is so, 
the complications of Korner's 'provisional' logic ([14], p. 279) would seem to be 
largely superfluous. 

3. Imprecision and Acceptable Range. A functional law is used by predicting a 
value (or set of values) of one (dependent) variable from readings of the other (indepen- 
dent) variables. It is tested by comparing measured and predicted values of the depen- 
dent variable. If the difference is more than a certain amount, the law is rejected; 
if less, (provisionally) accepted. This amount is thus a measure of the acceptable range 
(see p. 107) of a law, which can therefore be defined by some interval which must 
contain and only contain the difference of measured and predicted values of the 
dependent variable if the law is not to be refuted. This interval is the acceptabtle interval 
for the particular dependent variable. (For brevity, a reading (set of readings) will be 
called 'acceptable' and said to 'fall in' the acceptable interval (range) if it does not on 
this criterion refute the law. This is equivalent to taking a predicted value as the 
origin for the dependent variable.) For the simple case of Figure 2, the acceptable 
intervals are exemplified by those shown in Figure 3. Note that either variable may 
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be taken as dependent, as is commonly the case (e.g. the simple gas law, PV RT, 
may be used to predict pressure, volume or temperature as occasion requires). 

/ (x)/ 

Acceptable Intervals 

FIGURE 3 

The length of an acceptable interval is clearly a function of the imprecision (opera- 
tional or conceptual) in each variable, and it is necessary to give grounds for selecting 
any one such function. Consider what scientific practice takes imprecision, i(x), in a 
variable, x, to assert. Readings of x are normally taken to a greater precision than i(x). 
Repeated readings are found not to be uniformly distributed within i(x) but tend to 
bunch more closely near the center of the interval. These observed characteristics are 
roughly reproduced by the Normal Law (Gaussian) distribution of values ([ 11], p. 64). 
The use of this distribution is ostensibly justified by the Central Limit theorem 
([51, p. 214). which shows that, if the variation in values contained in repeated readings 
has a number, n, of independent causes, then (subject to certain very broad limitations) 
the distribution of these varied values tends towards that of the normal law as n 
increases without limit. In many cases, some such independent causes can readily be 
envisaged: effects of fluctuating electrical, magnetic, gravitational fields, thermal 
convection and conduction, elastic and fluid pressure and friction forces, mass 
transfer etc. In general it seems plausible to suppose that the large number of possibly 
relevant factors necessarily neglected in any operational definition is responsible for 

This content downloaded from 82.69.117.138 on Sat, 04 Apr 2015 12:56:23 UTC
All use subject to JSTOR Terms and Conditions



EXPERIMENTAL ERROR AND DEDUCIBILITY 113 

the rough agreement often noted between the normal law and the distribution of 
repeated readings. This is the most that can properly be said. On any given occasion 
it is never possible to either prove or disprove that each possibly relevant factor meets 
the conditions of the central limit theorem, or that the number of such factors is large 
enough for the theorem to be properly applied. But I think the observed agreement 
will serve to support a convention interpreting imprecision in variables in such a way 
as to generate a consistent definition of the acceptable range of a law which conforms 
to actual scientific practice. 

Thus I shall interpret imprecision in a variable in the following way. The end-points 
of the interval of imprecision are interpreted as points symmetrically disposed on a 
normal law distribution such that there is a very small chance of a value contained in a 
reading of the variable lying outside these points. This chance is uniquely determined 
by specifying the length of the interval as so many standard deviations of the distribu- 
tion. It need not be prescribed except that it is the same for each variable and suffi- 
ciently small. (The widespread use of 95 and 99% confidence limits in the scientific 
literature suggests that 'sufficiently small' may be taken to be ca. 1%) I shall call 
this interpretation with these assumptions about the chances the 'normal law inter- 
pretation' of imprecision in variables. 

The normal law thus allows a small chance of a discrepant reading, while on a 
stricter view one such counter-example-a fleeting glimpse of an off-white swan or 
greying raven-should be sufficient for refutation. In fact, any scientist is prepared 
to ignore a certain fraction of discrepant readings, to say in effect that some mistake 
was made in carrying out an operational definition, so that they were not legitimate 
readings at all. Thus for example: "One immediate application of the error function 
is its assistance in deciding whether an individual result falling well away from the 
main group of results can legitimately be rejected from the series ... two schools of 
thought ... b) reject results with a negligible probability ... the difficulty of defining 
'negligible'. This will clearly vary with the confidence to be placed on the series of 
results ... it is necessary to fix arbitrary limits: often results outside the 2s or 3s limit 
from the mean of the total number of observations are rejected ... Correlation of 
rejected results with major physical disturbances or serious personal mistakes should 
be used as confirmation of the rejection of poor results" ([17], p. 11). It is only fair to 
note that the other 'school of thought' referred to in the passage quoted would reject no 
results, but one cannot really take this seriously: any scientist faced with the following 
series of readings of some variable would reject the third member, (whether on the 
grounds that it was too improbable or simply a mistake is immaterial): 73, 73, 15, 
69, 72, 71, 74, 70 ... 

Bennett argues ([1], pp. 116-19) against a 'mistake lhypothesis' such as I have advanc- 
ed, and suggests that scientists' behaviour is due to a Humean outlook which leads 
them to treat universal genetalisations of law as merely 'weakly quantified' (i.e. not 
'all ...', but 'nearly all ...'). They can thus admit some discrepant data without having 
either to explain them away or reject the generalization. I think the passage quoted 
shows that scientists will not reject data as lightly as Bennett's account suggests. 
Moreover, the mistake hypothesis accounts better for the quantitative effects of 
different ways of being more careful in carrying out an experiment. To carry out an 
experiment more carefully may simply mean that more precautions are taken against 
making a mistake. Then the proportion of discrepant readings that can be rejected as 
mistakes is correspondingly reduced. An experimenter who is more careful in this 
sense can interpret his imprecision as representing more standard deviations (3s 
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instead of 2s) or a higher confidence limit (99.9% instead of 99%) but must be 
prepared to accept a longer interval of imprecision. Now an experimenter may be more 
careful in a different sense, by refining his operational definition to control more of 
the many variables whose fluctuations account for the normal law distribution, while 
taking no more precautions against a mistake. In this case he may expect the distribu- 
tion function to be narrower, so that the interval of imprecision (still 2s or 99%0) 
is shorter. Bennett's weak quantification explains none of this, though it is perfectly 
adequate for the qualitative examples he gives of 'unrepeatable experiments' ([1], 
p. 117). I take all the above to afford strong support for the normal law interpretation, 
and I shall assume it without further question for the rest of the paper. 

The normal law interpretation of imprecision in a variable leads naturally to the 
same interpretation of the acceptable range of a law relating such variables. The accept- 
able range is then defined to allow the same small chance of readings of the dependent 
variable falling outside the acceptable interval as readings of each variable considered 
separately have of falling outside its interval of imprecision. Now if values of each 
variable are distributed according to the normal law, so are predicted values of the 
dependent variable, Xk, and hence also the differences, zlxk, between measured and 
predicted values. Hence the end points of the acceptable interval of Xk are fixed by 
finding the standard deviation, u(Axk), of ZIXk, as a function of the standard deviations, 
o(xj), of each variable, x;. 

Now the standard deviation of a function, F, of n normally distributed variables, 
xj, j 1, 2, ... n, is given by 

O2(F) I.W (u(xj) & 

provided that aF/axj is defined for allj = 1, 2 ... n. Then if the imprecision in each 
variable, on the normal law interpretation, is given by i(x1) = m.cr(xj), m = constant 
for all j = 1, 2 ... n, we have at once that 

m20A2F) = (i(xi) - 2 

The predicted value, Xk', of the dependent variable, Xk, is a function of every other 
variable, xj(j # k), and by definition 

/JXk - Xk 

so that 

m2cr2(ixk) - I (i(xj) 
k + i2(Xk) 

which simplifies without ambiguity, by dropping the superscript on the predicted 
value of xk, to 

2 ( aXk 
2 
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Since each xj is normally distributed, there is the same chance that a value of ixk will 
fall outside an interval of length mOQ(x1k) as that a value of any x3 will fall outside its 
interval of imprecision, i(xj). This is therefore the definition of the acceptable interval 
required by the normal law interpretation. 

Thus for a functional law of the general form 

f(XlI x2, .. Xn) - (1) 

the acceptable range is measured by the length of the acceptable interval, I(xk), for 
any dependent variable, Xk, k 1, 2, ... n, where I(xk) is defined by 

12(x) = I (i(x) ak )2 (2) 

It is assumed that a) CXk/CXj is defined for allj = 1, 2, ... n, (otherwise Xk could hardly 
be a dependent variable) and b) the imprecisions are small enough for the derivatives 
to be reasonably evaluated at some mean observed value. To illustrate with the simple 
gas law, PV- RT, when temperature is the dependent variable, we have 

12(T) = i2(T) + (IV a (i(P) ap 
= i2(T) + (i(V)P/1R)2 + (i(P)17/R)2 (3) 

where F, P, are mean observed values. 
Note that equation (2) is consistent with the invariable pratice of scientists in com- 

bining imprecision according to the theory of errors ([15], p. 63). 

4. Imprecision in Parameters. It remains to consider the possibility of imprecision 
in the values of parameters in functional relations (such as the gas constant, R, of the 
simple gas law above). Suppose a functional law is tested, and it is found that more 
readings fall outside the acceptable interval than a mistake hypothesis can account for. 
Formally, of course, the law should be rejected and so it will be if the readings are 
wildly discrepant, as in Figure 4a. But if readings merely spill slightly over the accept- 
able range, as in Figure 4b, and this scatter is within what the occasion requires, the 
form of the law may be kept by ascribing some imprecision to its parameters and thus 
widening its acceptable range. 

First, various types of parameter must be distinguished. Many relations contain one 
or more parameters whose values are chosen to 'fit' the available data (e.g. reaction 
rate and equilibrium constants, tensile strengths, heat capacities, electrical resistances, 
coefficients of absorption, expansion, viscosity, elasticity, heat and mass transfer-and 
a host of 'correction factors'). These empirical parameters form the subject of this 
section. In other relations values of the parameters are prescribed by some higher 
level theory. These theoretical parameters are considered in the next section. Here I 
merely note that to explain a law is commonly to transform empirical into theoretical 
parameters by deriving their established values from a theory. Among the more 
important theoretical parameters are: Planck's constant, Avogadro's number, the 
Faraday, molecular diameters, gravitational constants, atomic and molecular weights, 
the mass and charge of the electron. 

All the above parameters must be distinguished from constants arising from 
dimensional considerations, (e.g. in changing units from feet to metres or Fahrenheit 
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to Centigrade degrees) or from purely deductive mathematical operations such as 
integration. Numerical constants are only invoked to preserve a particular parameter 
through a deductive chain or against some change of scale. They can always be 
eliminated at the cost of generating new parameters and perhaps of obscuring the 
connection between related expressions. Hence the question of ascribing imprecision 
to them does not arise. Parameters taking only discrete values (e.g. number of compo- 
nents in a chemical reaction or samples in a statistical trial) can be neglected for the 
same reason. 
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FIGURE 4a 

Suppose, for simplicity, a functional law to have just one empirical parameter. 
If a value of the parameter exists which brings the scattered sets of readings within 
the acceptable range, no imprecision need be ascribed to it in order to preserve the 
law. Such a parameter I shall call 'factually precise'. This does not, of course, imply 
that a unique, precise value can be derived from inevitably imprecise data. The data 
will define an interval of values, any member of which the parameter may assume 
without significantly increasing the chance of refuting the law. (A 'significant increase' 
I take to be of the order of the chance of discrepant readings allowed by the mistake 
hypothesis.) The length of this interval I shall call the 'uncertainty' in the value of the 
parameter. It is clear that this is not imprecision as I have defined it, since to asclibe 
a more precise value within the interval of uncertainty will not refute the law. 
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FIGURE 4b 

The effect on the predicted value of a dependent variable, xk, of a small change, dp, 
in the value of a parameter, p, is given in magnitude by 

dp . l8Xpkl 

If, the acceptable interval extends, say, 3a(ziXk) each side of the mean value of xk 
(i.e., m = 6, see p. 115) it is readily shown that a shift of 0.3c increases the chance of a 
discrepant reading from 0.26 to 0.40 p.c. ([10], p. 219). So the uncertainty, u(p), in the 
value of a factually precise parameter, p, may be roughly defined by 

I(Xk)- 10u(p)) * | (4) 

Where a law has more empirical parameters than one, an equation such as (4) does 
not specify each uncertainty uniquely. While such accepted curve-fitting techniques 
as that of 'least squares' enable 'best values' to be assigned simultaneously to several 
parameters, they do not determine the uncertainties. A convention that seems to be 
implicit in much scientific practice is to equate the effects of the uncertainties on the 
value of the dependent variable ([21], Vol. 5, pp. 106-113). Thus, if there are m 
empirical parameters, pj, j = 1, 2, ... m, we have 

I(xk)- Om * u(Pj) ,X k j = 1, 2, ..., m (5) 

and can thus determine u(pj) for all j = 1, 2, ... m. 
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As operational definitions are refined, imprecision in the variables decreases and 
hence (equation 3) so does the acceptable range of the law and (equations 4, 5) uncer- 
tainties in any empirical parameters. It is possible that sets of readings may now cease 
to fall in the acceptable range. But if not, a limit is eventually reached when the accept- 
able range is determined by conceptual imprecision in the variables which no refinement 
of operational definitions can diminish. A parameter which is factually precise at this 
limit will remain so. 

Suppose, however, that at some stage imprecision must be ascribed to an empirical 
parameter to preserve a law against discrepant readings. This parameter is then 
factually imprecise. Since the mathematical form of the law does not distinguish para- 
meters from variables, it seems clear that a law's acceptable range should be extended 
by imprecision in a parameter as it is by imprecision in a variable. Thus, for a law of 
the general form 

f(xi , x2 , ... xn; Pl ) P2 Pm) = ? (6) 

where p1 , P2 , .. Pm are parameters (empirical and theoretical), the acceptable range 
may be redefined by an acceptable interval, I(Xk), such that 

2() X k + ip aXk (i(P1) p (7) 

Thus the acceptable range of the simple gas law as defined by equation 3 (p. 1 15) is 
extended by the addition of a term 

(i(R) - P- /R2)2 

arising from imprecision, i(R), ascribed to the gas constant, R. 
A law's theoretical parameters may be subject to other than factual imprecision, or 

theory may require them to be precise (see Section 5 below). In the latter case, any 
desired extension of the acceptable range must be provided by imprecision in an 
empirical parameter, since a parameter, pj , is precise if and only if, i(pj) 0= and hence, 
given aXklj9P1 # oo, i(pi) * aXk/lpj = O. 

Where a law requiring factual imprecision has more empirical parameters than one, 
equation 7 clearly does not specify each imprecision uniquely. In this case, as with 
uncertainties (equation 5, p. 117), the tacit convention seems to be to equate the 
effects, i.e. to set for each empirical parameter, Pi I P2 

i(p) i(p2) i 3 . (8) 

5. Theoretical Parameters. I have defined a theoretical parameter, p, in a law, Ll, 
as one whose value is prescribed by a higher level theory, T, (p. 115). But this prescrib- 
ed value must have been obtained from some other law, L2, derivable from T, in 
which the value of p was originally unspecified, i.e. in which p appeared as an empirical 
parameter. Now clearly the temporal order in which the laws L1 and L2 happened to be 
tested is of no logical consequence. The situation is simply that there are two laws 
containing empirical parameters which the theory identifies. Thus gravitational 
theory identifies the coefficient, g, in Galilei's law with one in the law giving the period 
of vibration of a pendulum; atomic theory identifies empirical parameters obtained in 
applying the simple gas law to different gases with the universal gas constant, R; 
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kinetic theory identifies parameters in laws of gas compressibility, viscosity, diffusion 
and conductivity as corresponding to the molecular diameter, etc. Then in each of 
LI) L2) ..., p may be factually precise or imprecise, and the intervals of uncertainty 
or imprecision may or may not overlap. 

If p has factual imprecision il(p) in L1, L1 will be refuted unless some interval of 
imprecision, i,(p), containing il(p), is ascribed to p. Similarly, if p is imprecise in any 
other law, L2, that law will be refuted unless i,(p) also contains i2(p). The interval, 
i,(p), thus represents conceptual imprecision in p in exactly the same sense in which the 
terms have been defined for variables (section 2, pp. 109-111). Conceptual imprecision 
can arise in a theoretical parameter which is factually precise in all its laws if any two 
of its intervals of uncertainty fail to overlap, since then no precise value could be 
assigned to it without falsifying at least one accepted law into which it enters. These 
considerations lead to the following definition: 

The conceptual imprecision, i,(p), in a theoretical parameter, p, is the (length of the) 
shortest interval containing intervals i'(p), i"(p), defined as follows: 

a) If Lj, Lk, are any two laws in which p is factually precise but in which the 
intervals of uncertainty, Uj(p), Uk(P), do not overlap, let ijk(p) be the interval separating 
uj(p) and uk(P). The longest such interval is i'(p). 

b) If L7n , Ln, are any two laws in which p has factual imprecisions, i.(p), in(p), 
let imrn(P) be the shortest interval containing both im(p) and in(p). The longest such 
interval is i"(p). 

A good example of conceptual imprecision is that in the molecular diameter, d, 
of a gas given by simple kinetic theory. In this case, factual imprecision in each of the 
laws in which d enters contributes less to its conceptual imprecision than does the 
discrepancy between values obtained from different laws ([2], pp. 257, 511). Conceptual 
imprecision in g on the other hand arises rather from its factual imprecision in Galilei's 
law than from discrepancies between that and other laws. 

If a theoretical parameter is factually precise in all its laws and all its intervals of 
uncertainty overlap, no conceptual imprecision need be ascribed to it, and its uncer- 
tainty is the length of the interval of overlap, which is commonly just the shortest 
interval of uncertainty. Thus uncertainty in the value of a conceptually precise para- 
meter is generally fixed by the precision of its most accurate measurement, while 
conceptual imprecision is generally fixed by the least accurate measurement. 

If a number of laws yield discrepant, factually precise values for a theoretical 
parameter, one may choose to reject the theory that identifies the various empirical 
parameters rather than ascribe imprecision to a theoretical parameter. It remains to 
consider the grounds of choice and the explanation of parametric imprecision generally 
within a deductive system. 

It will now be convenient to refer to a law as precise when it contains only precise 
parameters. Precision, so defined, is evidently desirable in a law, since any imprecision 
in a parameter extends the acceptable range and makes the law at once less informative 
and less refutable. With sufficient imprecision, any form of law could cover virtually 
any data, and the deductive structure of science would become untestable. It is there- 
fore necessary to justify introducing the notion of parametric imprecision by showing 
how it can be explained and limited within a deductive structure. 

Imprecision in an empirical parameter is deductively explained by the existence of 
some other precise law relating the same variables. In Figure 5, for example, from the 
precise exponential law, the imprecision required for a linear law covering a given 
range is at once deducible. Such simpler, imprecise expressions are often used (e.g. for 

2 
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interpolating) where the imprecision is within what is required. Thus if, for a given 
imprecision in the variables, a gas obeys Van de Waal's law, 

(P +#) (V-b) = R'T 

precisely, (i.e., a, b, R', are factually precise) the imprecision required in applying 
the simple gas law over any range is readily calculable. Of course, practising scientists 
do not carry out such calculations in detail, nor do they put the matter as I have put it. 
But any scientist or engineer, pressed to justify the use of an expression that is only 
'good to 5%', would do so by showing that it differed from a more precise (and 
probably more complex) one by less than this amount, and it is just this process which 
I claim to have explicated. 
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FIGURE 5 

In the same way, imprecision in theoretical parameters is explained by deduction 
from a precise higher level theory. Thus, accepting the Newtonian theory of gravitation 
as precise for all but the most sensitive measurements, the imprecision that must be 
ascribed to Galilei's law over any range of altitude can be strictly deduced. So the 
deductive structure remains testable: if g is more or less imprecise than Newton's 
theory requires, then both the precise theory and the limitedly imprecise law are refuted. 
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But if not, Galilei's law is retained, with its limited, deductively explained imprecision, 
in constant, informative and refutable use. 

The condition that must be imposed on the use of imprecision within a deductive 
account of science is now clear: it is that parameters in the currently accepted highest 
level theories must be conceptually precise. If such a precise theory is refuted by 
experience, its retention as an imprecise theory can only be justified if its imprecision 
can be limited by derivation from a yet higher level theory, which must therefore be 
itself precise. So imprecision in Newton's theory, (in the gravitational constant, G) is 
deductively explained and hence limited, by Relativity theory. Similarly, it is surely 
clear that any failure to correlate the results of diverse measurements of such theoretical 
constants as those mentioned on p. 115 would be taken to refute the theories in which 
they occur, and lead to the search for further precise theories from which the required 
imprecision could be deduced. 

6. Summary. I have tried to show how the effects of experimental error or impreci- 
sion can be accommodated within a testable, deductive scientific structure. The main 
features of the scheme proposed in the preceding sections are summarized below. 

Section 2: A necessary imprecision attaches to operationally defined variables. It 
has two components, operational imprecision and conceptual imprecision. The latter, 
arising from discrepancies in the results of applying alternative operational definitions, 
sets a lower limit to imprecision which cannot be overcome by refining any one defini- 
tion. 

Section 3: To interpret imprecision as a definite interval on a normal law probability 
distribution leads consistently to the same interpretation of the acceptable range of a 
law. This interpretation explicates plausibly the attitude of scientists to discrepant 
data and leads to a definition of the acceptable range of a law which accords with 
actual applications of the theory of errors. 

Section 4: Where the acceptable range required of a law is greater than imprecision 
in the variables can account for, imprecision may be ascribed to parameters. Factual 
imprecision in an empirical parameter is distinguished from uncertainty as to the 
value of a factually precise parameter. 

Section 5: Conceptual imprecision may arise in a theoretical parameter in the same 
sense in which it always arises in variables. For the deductive structure to remain 
testable, it is necessary that the parameters in the currently highest level theories be 
conceptually precise. Then imprecision in lower level theories and laws is limited and 
explained by deduction from a higher level. 

Imprecise laws and theories are not displaced by the (often formally inconsistent) 
theories by which their imprecision is explained, but are rather thereby justified. To 
explain is not to explain away. 

REFERENCES 

[1] BENNETT, J. 'The Status of Determinism', British Journal for the Philosophy of Science, 
Vol. 14, No. 54 (1963). 

[2] BIRD, R. B. et al., Transport Phenomena, (New York: Wiley, 1960). 
[3] BRIDGMAN, P. W. The Logic of Modern Physics, (New York: Macmillan, 1927). 
[4] BRODBECK, M. 'Explanation, Prediction and "Imperfect" Knowledge', Minnesota Studies 

in the Philosophy of Science Vol. 3, ed. H. Feigl and G. Maxwell (Minneapolis; University 
of Minnesota Press, 1962). 

This content downloaded from 82.69.117.138 on Sat, 04 Apr 2015 12:56:23 UTC
All use subject to JSTOR Terms and Conditions



122 D. H. MELLOR 

[5] CRAMIR, H. Mathematical Methods of Statistics. (Princeton, 1946). 
[6] DUHEM, P. The Aim and Structure of Physical Theory, (Princeton, 1954). 
[7] FEYERABEND, P. K. 'Explanation, Reduction and Empiricism', Minnesota Studies in the 

Philosophy of Science Vol. 3. 
[8] FEYERABEND, P. K. 'How to be a Good Empiricist', Philosophy of Science, The Delaware 

Seminar Vol. 2; ed. B. Baumrin, (New York: Interscience, 1963). 
[9] HEMPEL, C. G. 'Deductive-Nomological vs Statistical Explanation', Minnesota Studies in 

the Philosophy of Science Vol. 3. 
[10] HODGMAN C. D. (Ed.), Mathematical Tables from the Handbook of Chemistry and Physics, 

11th Edition, (Cleveland: Chemical Publishing Co. 1959). 
[11] JEFFREYS, H. Scientific Inference, 2nd. Edition, (Cambridge, 1957). 
[12] KO1RNER, S. Conceptual Thinking, (New York: Dover, 1959). 
[13] KORNER, S. Philosophy of Mathematics, (London: Hutchinson, 1960). 
[14] KORNER, S. 'Deductive Unification and Idealisation', British Journal for the Philosophy of 

Science, Vol. 14, No. 56, (1964). 
[15] MICKLEY, H. S. et. al., Applied Mathematics in Chemical Engineering, 2nd Edition, (New 

York: McGraw-Hill, 1957). 
[16] NAGEL, E. The Structure of Science, (New York: Harcourt, Brace and World, 1961). 
[17] PANTONY, D. A. Chemist's Introduction to Statistics, Theory of Error, and Design of Experi- 

ment, (London: Royal Institute of Chemistry Lecture Series No. 2, 1961). 
[18] POPPER, K. R. 'The Aim of Science', Ratio, Vol. 1, No. 1 (1957). 
[19] QUINE, W. V. 0. Word and Object, (New York: M.I.T., 1960). 
[20] SELLARS, W. 'The Language of Theories', Current Issues in the Philosophy of Science, 

ed. H. Feigl and G. Maxwell (New York: Holt, Rinehart and Winston, 1961). 
[21] International Critical Tables, (New York, McGraw-Hill, 1926). 

This content downloaded from 82.69.117.138 on Sat, 04 Apr 2015 12:56:23 UTC
All use subject to JSTOR Terms and Conditions


